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We propose that a tunable generalized three-dimensional Hofstadter Hamiltonian can be real-
ized by engineering the Raman-assisted hopping of ultracold atoms in a cubic optical lattice. The
Hamiltonian describes a periodic lattice system under artificial magnetic fluxes in three dimensions.
For certain hopping configurations, the bulk bands can have Weyl points and nodal loops, respec-
tively, allowing the study of both the two nodal semimetal states within this system. Furthermore,
we illustrate that with proper rational fluxes and hopping parameters, the system can exhibit the
three-dimensional quantum Hall effect when the Fermi level lies in the band gaps, which is topo-
logically characterized by one or two nonzero Chern numbers. Our proposed optical-lattice system
provides a promising platform for exploring various exotic topological phases in three dimensions.
PACS numbers: 37.10.Jk, 03.67.Ac, 73.43.-f, 03.65.Vf.
I. INTRODUCTION
Topological states of matter have attracted great inter-
est since the discovery of the quantum Hall effect with
intrinsic topological invariants in two-dimensional elec-
tron systems [1, 2]. Early work was devoted to construct
theoretical models in this context [3, 4], including the
celebrated Haldane model [5] and Hofstadter model [6].
Following the lines of the two-dimensional work [3], it
has been shown that if there is an energy gap in a three-
dimensional periodic lattice, then the integer quantum
Hall effect can result when the Fermi energy lies inside
the gap [7–10]. In the three-dimensional quantum Hall ef-
fect, the Hall conductance in each crystal plane can have
a quantized Hall value, which is a topological invariant–
the first Chern number of a U(1) principal fiber bundle
of a torus spanned by the two quasi-momenta for the
crystal plane. However, obtaining the energy spectrum
with band gaps for the emergence of quantized Hall con-
ductivities in three-dimensional periodic lattices is a non-
trivial task since a motion along the third direction may
wash out the gaps of the perpendicular two-dimensional
plane [8–10]. In recent years, significant advances have
been made in the study of band topology of insulating
and semimetallic materials, such as topological insula-
tors [11, 12] and topological nodal semimetals with Weyl
points or nodal loops (bands crossing along closed lines
instead of isolated points) in three-dimensional momen-
tum space [13–17]. Notably, a three-dimensional Dirac
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point described by the four-component Dirac equation
is composed by two Weyl points with opposite chirality,
and they can be separated in momentum space by break-
ing either time reversal symmetry or inversion symme-
try. The low-energy excitations (Weyl quasi-particles)
near the Weyl points are described by the Weyl equa-
tion, which is a massless two-component Dirac equa-
tion in the chiral representation. These exotic nodal
semimetal states are still rare in real materials or artifi-
cial systems [22, 23], and the three-dimensional quantum
Hall effect has predicted or observed only in systems with
extreme anisotropy or unconventional toroidal magnetic
fields [10, 18–21].
On the other hand, ultracold atomic gases in optical
lattices provide unparalleled controllability and new av-
enues to simulate various quantum states in condensed
matter physics [24, 25]. Recent experimental advances
in engineering artificial gauge field and spin-orbit cou-
pling for neutral atoms [26–34] have pushed this system
to the forefront for exploring topological phases [35–47].
For instance, the Zak phase in topologically nontrivial
Bloch bands realized in one-dimensional optical super-
lattices has been measured [48]. The Haldane model and
the Hofstadter model have been realized with synthetic
magnetic fluxes in two-dimensional optical lattices [49–
53], and the Chern number characterizing the topological
bands has been measured [53]. The technique of Bloch
band tomography in optical lattices has been proposed
and experimentally demonstrated [54–57]. In addition,
it has been separately proposed to simulate Weyl points
and nodal loops by engineering atomic Hofstadter bands
or spin-orbit coupling [58–65]. It thus would be of great
value to set an experimentally feasible stage for quantum
simulation of both the two exotic nodal semimetal states
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2and the rarely explored three-dimensional quantum Hall
effect within an optical-lattice system.
In this paper, we propose an experimental scheme
to realize a tunable generalized three-dimensional Hofs-
tadter Hamiltonian with ultracold atoms in a cubic opti-
cal lattice based on the Raman-assisted hopping method.
The original Hofstadter model describes charged parti-
cles moving in a two-dimensional lattice penetrated by a
uniform magnetic flux, which develop the quantized en-
ergy spectrum and Hall conductivity. The synthetically
generated Hamiltonian in our proposal describes a three-
dimensional periodic lattice system under three tunable
effective magnetic fluxes, which can thus be viewed as a
generalized Hofstadter Hamiltonian and be used to sim-
ulate various topological phases. We first show that the
Weyl points and nodal loops can respectively emerge in
the bulk bands of this system for certain hopping config-
urations, allowing the study of both the two topological
nodal semimetal states within this system. Furthermore,
by numerically elaborating the energy spectra and the
topological invariants, we illustrate that for proper ratio-
nal fluxes and hopping parameters, the system can ex-
hibit the three-dimensional quantum Hall effect when the
Fermi level lies in the band gaps, which is topologically
characterized by one or two nonzero Chern numbers. Our
proposed optical-lattice system provides a powerful plat-
form for exploring exotic topological semimetals and in-
sulators in three dimensions that are rare in real materi-
als.
The paper is organized as follows. Section II introduces
the experimental scheme to realize the tunable three-
dimensional Hofstadter Hamiltonian in a cubic optical
lattice. In Sec. III, we show that bulk bands of this sys-
tem can respectively have Weyl points and nodal loops
for certain hopping configurations. In section IV, we il-
lustrate the emergence of the three-dimensional quantum
Hall effect in the system with numerical calculation of the
energy spectra and the topological invariants. Finally, a
short conclusion is given in Sec. V.
II. SYSTEM AND MODEL
We consider an ultracold degenerate gas of fermionic
atoms in a cubic optical lattice tilted along the y and z
axis with a being the lattice spacing, as shown in Fig.
1(a). The atoms are prepared in a hyperfine state of
the ground state manifold, and the tilt potentials with
linear energy shift per lattice site ∆s (s = y, z) can be
generated by the gravity or real magnetic field gradients
Bss, respectively. For the cases ∆s  Js we considered,
where Js denotes the bare hopping amplitude along the
s axis, the atomic hopping between neighboring sites in
these two directions is then suppressed. To restore and
engineer the hopping terms with tunable effective Peierls
phases, we can use the Raman-assisted tunneling tech-
nique [66, 67], which has been experimentally demon-
strated to realize the original Hofstadter model in two-
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FIG. 1: (Color online) Proposed realization of a generalized
Hofstadter model in three dimensions. (a) The optical lattice
and hopping configuration. The atomic hopping along the
x axis is Jx. Along the s (s = y, z) axis, the tilted lattice
with large tilt potentials ∆s can be created by the gravity or
real magnetic field gradients Bss. The natural hopping along
the s axis is suppressed and then be restored by using three
far-detuned Raman lasers denoted by {ωj ,kj} (j = 1, 2, 3),
which give rise to complex hopping amplitudes Tye
±iφm,n,l
and Tze
±iϕm,n,l with site indices (m,n, l). (b) Laser-assisted
tunneling between nearest neighboring sites along the s axis
with the frequency differences ω2 − ω1 = ∆y/~ and ω3 −
ω1 = ∆z/~ and the effective two-photon Rabi frequency Ωs.
(c) The effective magnetic fluxes {Φ1,Φ2,Φ3} in the three
elementary plaquettes in the {xy, xz, yz} planes, respectively.
dimensional optical lattices [50–53]. This method has
also been adopted to simulate Weyl points [59]. Now
we extend the schemes to realize a generalized three-
dimensional Hofstadter Hamiltonian with fully tunable
hopping parameters.
In order to fully and independently engineer the atomic
hopping along the y and z axis in this optical-lattice
system, one can use three far-detuned Raman beams
denoted by their frequencies and wave vectors {ωj ,kj}
(j = 1, 2, 3), as shown in Fig. 1(b). Here we choose the
frequency differences ω2−ω1 = ∆y/~ and ω3−ω1 = ∆z/~
for the resonant tunneling condition, and assume the ef-
fective two-photon Rabi frequencies Ωs. Note that we
consider ∆y 6= ∆z, which is required for resonant tun-
neling along different directions. In addition, the mo-
mentum transfers Q = k1 − k2 ≡ (Qx, Qy, Qz) and
P = k1 − k3 ≡ (Px, Py, Pz) can be independently
tunable, for instance, through independently adjusting
the angles of the second and third Raman lasers with
the first Raman laser being fixed, as shown in Fig.
1(a). Therefore, the Raman lasers induce atomic hop-
ping along the y and z axis with tunable spatially de-
pendent phases φm,n,l = Q ·R = mφx + nφy + lφz and
ϕm,n,l = P ·R = mϕx + nϕy + lϕz, respectively, where
R = (ma, na, la) denotes the position vector for the lat-
tice site (m,n, l), φx,y,z = aQx,y,z and ϕx,y,z = aPx,y,z.
In the high-frequency limit ωj  Js/~ [68], time aver-
aging over rapidly oscillating Raman beams yields an
effective time-independent Hamiltonian [51–53]. As a
result, the tilts disappear in the dressed atom picture
for resonant tunneling. In this case, the effective time-
3independent Hamiltonian for the three-dimensional lat-
tice system takes the tight-binding form:
Hˆ = −
∑
m,n,l
Jxaˆ
†
m+1,n,laˆm,n,l + Tye
iφm,n,l aˆ†m,n+1,laˆm,n,l
+Tze
iϕm,n,l aˆ†m,n,l+1aˆm,n,l + H.c., (1)
where aˆ†m,n,l (aˆm,n,l) is the creation (annihilation) op-
erator of fermions at the lattice site (m,n, l), Jx is the
natural hopping along the x axis, Tye
iφm,n (Tze
iϕm,l) de-
notes the Raman-induced hopping along the y (z) axis
with the spatially-varying phase φm,n (ϕm,l) imprinted
by the Raman lasers. The engineered hopping strengths
Ts = Ωsλs can also be tuned through changing the in-
tensities of the Raman lasers, where λs denotes the over-
lap integral of Wannier-Stark functions between neighbor
sites along the s axis [51–53].
The three-dimensional Bravais lattice here is spanned
by the primitive vectors ax, ay, and az. One can intro-
duce three effective magnetic fluxes {Φ1,Φ2,Φ3} through
the three elementary plaquettes in the {xy, xz, yz} planes
with the area S = a2, as shown in Fig. 1(c). The ef-
fective fluxes, in units of the magnetic flux quantum,
are determined by the phases picked up anticlockwise
around the plaquettes from Hamiltonian (1), which are
obtained as Φ1 =
1
2pi (0 + φm+1,n,l + 0 − φm,n,l) = φx2pi ,
Φ2 =
1
2pi (0 + ϕm+1,n,l + 0 − ϕm,n,l) = ϕx2pi , Φ3 =
1
2pi (ϕm,n,l + φm,n,l+1 − ϕm,n+1,l − φm,n,l) = φz−ϕy2pi . The
three effective magnetic fluxes can thus be independently
tuned from zero to positive or negative one, and we here
focus on the positive-flux cases since the opposite flux
configurations reproduce the same results.
If one of the atomic hopping strengths along three di-
rections in Hamiltonian (1) becomes zero, the system re-
duces to a stack of decoupled two-dimensional Hofstadter
systems with cold atoms [51–53]. Thus, in general cases
without vanishing hopping, the system corresponds to
three copies of the original Hofstadter model defined in
connected planes. In this sense, Hamiltonian (1) can be
regarded as a generalized three-dimensional Hofstadter
Hamiltonian, which describes an effectively charged par-
ticle hopping on a tight-binding cubic lattice in the pres-
ence of tunable uniform magnetic fluxes [7–10].
III. WEYL POINTS AND NODAL LOOPS
The hopping and flux parameters in Hamiltonian (1)
are tunable through the laser configuration, enabling the
optical-lattice system for simulating various topological
states. In this section, we show that for certain hopping
configurations, the bulk bands of the system can respec-
tively have Weyl points and nodal loops, which allow one
to study both of the topological Weyl and nodal-loop
semimetals within this cold atom system.
We first choose the hopping parameters φx,y = ϕx,y =
φz/2 = ϕz/2 = 1/2. In this configuration, the hopping
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FIG. 2: (Color online) Simulated Weyl points and nodal loops.
The color-coded three-dimensional bulk spectra: (a) E1,+(k)
with four Weyl points; and (b) E2,+(k) with two nodal loops
in the kx = ±pi/2a planes. The parameters are Ty = Tz =
/3 = Jx = 1.
phase along the s axis (both the y and z axis) is pi (0), for
the site indices m+n odd (even). Thus the lattice system
has two sublattices A and B, which correspond to m+n
odd and even, respectively. In this case, Hamiltonian (1)
can be rewritten as
Hˆ1 = −
∑
A
(
Jxbˆ
†
A+xˆaˆA − Ty bˆ†A+yˆaˆA − Tzaˆ†A+zˆaˆA
)
(2)
−
∑
B
(
Jxaˆ
†
B+xˆbˆB + Tyaˆ
†
B+yˆ bˆB + Tz bˆ
†
B+zˆ bˆB
)
+ H.c.,
where aˆ†A = aˆ
†
B+ηˆ and aˆA = aˆB+ηˆ (bˆ
†
B = bˆ
†
A+ηˆ and bˆB =
bˆA+ηˆ) are the creation and annihilation operators at A
(B) sublattices with η = x, y, z denoting hopping along
the η direction. The two sublattices form pseudo-spin
indices, and Hamiltonian (2) can then be transformed as
Hˆ1 =
∑
k Ψˆ
†
kH1(k)Ψˆk with Ψˆ†k = (aˆ†k, bˆ†k) and the Bloch
Hamiltonian
H1(k) = −2[Jx cos(kxa)σx (3)
+Ty sin(kya)σy + Tz cos(kza)σz],
where k = (kx, ky, kz) and σx,y,z are the Pauli matrices
acting on the sublattices. The two bulk bands E1,±(k) =
±2
√
J2x cos
2(kxa) + T 2y sin
2(kya) + T 2z cos
2(kza) have
four Weyl points located at kW = (±pi/2a, 0,±pi/2a) in
the first Brillouin zone. Figure 2(b) depicts the spectrum
E1,+(k) with the four Weyl points. In the vicinity of
kW with q = k − kW , one can obtain an effective
Weyl Hamiltonian, HW (q) = vxqxσx + vyqyσy + vzqzσz,
where vx = ±2Jxa, vy = −2Tya, and vz = ±2Tza for
the four points. The topological nature of the Weyl
points is characterized by their positive or negative
chirality defined as κ = sign(vxvyvz). Note that the
effective Weyl Hamiltonian simulated here recovers the
one proposed in Ref. [59] by a pseudo-spin rotation.
For another hopping configuration given by φx = ϕx =
φy,z/2 = ϕy,z/2 = 1/2 (here φz and ϕy can alternatively
be φz = ϕy = 0), the nodal loops can exhibit in the bulk
4bands of the system. In this case, the atomic hopping
along the y axis and the two sublattices (A and B) are
both staggered along the x axis. In addition, one can
add a tunable energy offset between the two sublattices
through a small one-photon detuning  = ∆y − ~(ω2 −
ω1) = ∆z − ~(ω3 − ω1) in the Raman coupling. Under
this circumstance, Hamiltonian (1) turns to the form
Hˆ2 = −
∑
A
(
Jxbˆ
†
A+xˆaˆA − Tyaˆ†A+yˆaˆA − Tzaˆ†A+zˆaˆA
)
−
∑
B
(
Jxaˆ
†
B+xˆbˆB + Ty bˆ
†
B+yˆ bˆB + Tz bˆ
†
B+zˆ bˆB
)
+
∑
A,B
(
aˆ†AaˆA − bˆ†B bˆB
)
+ H.c.. (4)
This gives rise to the Bloch Hamiltonian
H2(k) = −2Jx cos(kxa)σx − g(ky, kz)σz, (5)
where g(ky, kz) = 2Ty sin(kya) + 2Tz cos(kza) − . The
bulk bands E2,±(k) = ±
√
4J2x cos
2(kxa) + [g(ky, kz)]2
have twofold degenerate points located at kx = ±pi/2a
planes with ky and kz satisfying the condition g(ky, kz) =
0. The solutions of the condition function can give rise
to the nodal loops for proper parameter . Figure 2(b)
depicts an example of the bulk spectrum E2,+(k) with
two nodal loops in the kx = ±pi/2a planes, respectively.
With fermionic atoms in the optical lattice system, one
can explore the two exotic nodal states, Weyl and nodal-
loop semimetals. In realistic experiments, the simulated
nodal points and loops in the three-dimensional Brillouin
zone can be verified by probing the momentum distribu-
tion of the atomic transfer fraction in the excited band
after Bloch-Zener oscillations through the time-of-flight
measurements [60, 63, 69, 70].
IV. THE THREE-DIMENSIONAL QUANTUM
HALL EFFECT
In this section, we will demonstrate that the proposed
cold atom system can be used to realize the exotic integer
quantum Hall effect in three dimensions. For simplicity
but without loss of generality, we focus on the cases with
zero magnetic flux in the yz plane Φ3 = 0, which can
be achieved by choosing the parameters φz = ϕy. We
consider that the effective magnetic fluxes Φ1 and Φ2 are
rational, i.e., Φ1 = p1/q1 and Φ2 = p2/q2, with mutu-
ally prime integers p1,2 and q1,2. In addition, a gauge is
chosen in which the hopping phases φm,n,l = 2piΦ1m and
ϕm,n,l = 2piΦ2m in Hamiltonian (1), which corresponds
to the Landau gauge in the continuum case and can be
achieved with the parameters, e.g., φy = ϕz = 2pi and
φz = ϕy = 0. The nonvanishing momentum transfers in
the two tilt directions here (i.e., φy = ϕz = 2pi) are neces-
sary for restoring the resonant tunneling [48, 51, 53]. For
the neutral atomic system within this choice of gauge, the
effective vector potential is given by A = (0, Bzx,−Byx),
with B = (0, By, Bz) denoting an effective magnetic field
in the yz plane and x = ma.
A. The energy spectra
An essential point in the quantum Hall effect is that
the Fermi level lies in one of the gaps in the bulk spec-
trum, such as the butterfly energy spectrum in the two-
dimensional Hofstadter system. So we first study the
energy spectrum in this tunable three-dimensional Hof-
stadter optical lattice system. Considering y = na
and z = la as the periodic coordinates on the sys-
tem, Hamiltonian (1) can be block diagonalized as Hˆ =⊕
Hˆx(ky, kz), where ky and kz are the quasimomenta
along the periodic directions and the decoupled block
Hamiltonian under the above conditions takes the fol-
lowing form:
Hˆx(ky, kz) = −
∑
m
(Jxaˆ
†
m+1aˆm + H.c.)−
∑
m
Vmaˆ
†
maˆm,
(6)
where Vm = 2Ty cos(2piΦ1m + kya) + 2Tz cos(2piΦ2m +
kza). The corresponding single-particle wave function
Ψmnl is written as Ψmnl = e
ikyy+ikzzψm, and then the
Schro¨dinger equation Hˆx(ky, kz)Ψmnl = EΨmnl reduces
to a generalized Harper equation [71] with the parameters
ky and kz as
− Jx(ψm−1 + ψm+1)− Vmψm = Eψm. (7)
This reduced one-dimensional tight-binding system with
two commensurabilities Φ1 and Φ2 has a period of the
least common multiple of integers q1 and q2 denoted
by q˜ = [q1, q2]. Under the periodic boundary condi-
tion along the x axis, the wave function ψm satisfies
ψm = e
ikxxum(k) with um(k) = um+q˜(k). Therefore
in a general case, the spectrum of the three-dimensional
system in the presence of the effective magnetic fluxes
consists of q˜ energy bands and each band has a re-
duced (magnetic) Brillouin zone: −pi/q˜a ≤ kx ≤ pi/q˜a,
−pi/a ≤ ky ≤ pi/a, −pi/a ≤ kz ≤ pi/a. In term of the
reduced Bloch wave function um(k), Eq. (7) becomes
− Jx(eikxum−1 + e−ikxum+1)− Vmum = E(k)um. (8)
Since um(k) = um+q˜(k), the problem of solving the gen-
eralized Harper equation (8) reduces to solving the eigen-
value equation, MΥ = EΥ, where Υ = (u1, ..., uq˜) is the
wave function for the q˜ bands and M is the q˜× q˜ matrix.
In order to confirm the above analysis, we numerically
calculate the energy spectra of the system from exact di-
agonalization of the tight-binding Hamiltonian (6) under
the periodic boundary condition. We first consider the
evolution of the spectra with the increasing of the hop-
ping strength Tz for fixed typical magnetic fluxes and Ty
(and Jx = 1 as the energy unit). As shown in Fig. 3, one
can find that the overlapping of the q˜ bands depend on
the hopping strength Tz. Figures 3(a) and 3(b) show the
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FIG. 3: (Color online) The energy spectra E as a function of the hopping strength Tz for typical flux and hopping parameters:
(a) Φ1 = 1/5, Φ2 = 2/5, and Ty = 0.4; (b) Φ1 = 1/7, Φ2 = 2/7, and Ty = 0.4; (c) Φ1 = 1/2, Φ2 = 1/3, and Ty = 0.5; (d)
Φ1 = 1/3, Φ2 = 1/5, and Ty = 0.5. In (c) with Tz = 0.7 and in (d) with Tz = 0.5 shown as the dashed lines, the Chern numbers
C = (Cxy, Cxz, Cyz) when the Fermi level lies in each energy gap are plotted. The energy unit is set as Jx = 1.
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FIG. 4: (Color online) The energy spectra E(ky) and E(kz)
and the corresponding Chern numbers Cxy and Cxz. (a) and
(b) Φ1 = 1/5 and Φ2 = 2/5; (c) and (d) Φ1 = 1/7 and
Φ2 = 2/7. We choose kz = 0 in (a) and (c), and ky = 0 in (b)
and (d). The hopping strengths are Ty = 0.4 and Tz = 0.5 in
(a-d), as the dashed lines shown in Figs. 3(a) and 3(b). The
energy unit is set as Jx = 1.
structures of these bands for the fluxes Φ2 = 2Φ1 = 2/5
with q˜ = 5 and Φ2 = 2Φ1 = 2/7 with q˜ = 7, respectively.
In these cases, the largest number of gaps Ng = q˜ − 1 is
available for the q˜ bands that are totally non-overlapping,
which can be achieved when the hopping strength Tz
is close to Ty, such as the dashed lines shown in Figs.
3(a) and 3(b). Figures 3(c) and 3(d) show the bands
for the fluxes {Φ1 = 1/2,Φ2 = 1/3} with q˜ = 6 and
{Φ1 = 1/3,Φ2 = 1/5} with q˜ = 15, respectively. In these
cases, the largest number of gaps always are Ng < q˜ − 1
for different Tz because some of the q˜ bands overlap with
each other, such as Ng = 3 and Ng = 6 for the dashed
lines shown in Figs. 3(c) and 3(d), respectively. For the
cases in Figs. 3(a) and 3(b) with the bands being totally
non-overlapping, in Fig. 4, we plot the energy spectra
for the reduced two-dimensional subsystems E(ky) and
E(kz) for fixed kz = 0 and ky = 0, respectively. The en-
ergy spectra E(ky) and E(kz) there reproduce the ones
for the two-dimensional Hofstadter systems with q˜ = 5
bands in Figs. 4(a) and 4(b) and with q˜ = 7 bands in
Figs. 4(c) and 4(d).
Due to the fact that the bands overlap in energy or
touch with each other, there is usually no analogous but-
terfly spectrum with fractal energy gaps in this three-
dimensional generalized Hofstadter system. It has been
shown that the largely anisotropic hopping (the quasi-
one-dimension limit) is required for the emergence of
butterfly-like gaps [10]. The results are confirmed in our
numerical calculation under the condition Jx  Ty, Tz
with the x axis as the conductive axis. In the numer-
ical calculation, we have further assumed the effective
magnetic field B = (0, B0 sin Θ, B0 cos Θ) with an an-
gle Θ tilted from z axis, which corresponds to the mag-
netic fluxes Φ3 = 0 and Φ1/Φ2 = φx/ϕx = − tan Θ.
In Fig. 5, we plot the energy spectra against the angle
Θ for typical hopping and magnetic strengths. When
Ty = Tz = 0.5Jx in Figs. 5(a) (with B0 = 1) and
5(b) (with B0 = 0.2), the energy spectra in this three-
dimensional system does not have many gaps (aside from
the trivial Bragg-reflection gaps) with the fractal struc-
ture since many of them are wiped out. In the largely
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FIG. 5: (Color online) The energy spectra E as a function of
the angle of the effective magnetic field Θ. (a) Ty = Tz = 0.5
and B0 = 1; (b) Ty = Tz = 0.5 and B0 = 0.2; (b) Ty = Tz =
0.1 and B0 = 0.2. The energy unit is set as Jx = 1.
anisotropic case of Ty = Tz = 0.1Jx in Fig. 5(c), which
corresponds to a quasi-one-dimensional system, a struc-
ture akin to the butterfly seen in the bottom (or at the
top) of the whole spectrum emerge for certain regions
of parameters (with B0 = 0.2). In experiments, the
energy spectrum of this generalized Hofstadter model
may be probed from the density distributions of ultra-
cold fermions in the optical lattice with an external trap
[72].
B. The Chern numbers
It is well-known that the integer quantum Hall effect
exhibits in the two-dimensional Hofstadter system and is
topologically characterized by a Chern number. Previous
work has been devoted to the generalization of the integer
quantized Hall effect in three-dimensional systems [7–10].
It has been proven that every quantized invariant on a
d-dimensional torus T d is a function of the d(d − 1)/2
sets of Chern numbers obtained by slicing T d by the
d(d − 1)/2 distinct T 2 [73]. In our three-dimensional
Hofstadter system with d = 3, the topological invariants
for the quantized Hall effect are given by three Chern
numbers C = (Cxy, Cxz, Cyz) for three two-dimensional
planes. Here we have Cyz = 0 for the trivial yz plane
since the magnetic flux Φ3 at this plane is assumed to be
zero. Following the approach in Refs. [8, 9], when the
Fermi energy lies in an energy gap between two bands N
and N + 1 in this system, the other two Chern numbers
Cxs with s = y, z are given by (let a = 1)
Cxs =
1
2pi
∑
n6N
∫ pi
−pi
dks′c
(n)
xs (ks′), (9)
where s′ denotes replacing s between y and z, and the
Chern number c
(n)
xs (ks′) for the n-th filling band (or n-th
occupied Bloch state) is defined on the torus T 2 spanned
by kx and ks:
c(n)xs (ks′) =
1
2pi
∫ pi/q˜
−pi/q˜
dkx
∫ pi
−pi
dksF
(n)
xs (k), (10)
where the corresponding Berry curvature F
(n)
xs (k) =
=(〈∂ksun(k)|∂kxun(k)〉−〈∂kxun(k)|∂ksun(k)〉) is a topo-
logical expression as a generalization of the results in two
dimensions [3].
The determination of the Chern numbers is a deli-
cate procedure that can be achieved explicitly only in
the largely anisotropic cases with a one-to-one corre-
spondence between the Hall conductivities on the three-
dimensional and two-dimensional Hofstadter systems [8–
10]. By generalizing the efficient way based on the
U(1) link to obtain the Berry curvature in the discrete
Brillouin zone [74], we can numerically calculate the
Chern numbers Cxs given by Eq. (9) for all the re-
gions of hopping parameters. Note that the Brillouin
zone is also discrete in realistic experiments due to the
finite lattice. Here the so-called U(1) link is defined
as U
(n)
η (kJ) ≡ 〈un(kJ)|un(kJ+ηˆ)〉/|〈un(kJ)|un(kJ+ηˆ)〉|
for each pixel kJ = (kx, ky, kz) of the discrete three-
dimensional Brillouin zone, where ηˆ = xˆ, sˆ is a unit vec-
tor along the axis. From the U(1) link, the manifestly
gauge-invariant Berry curvature is given by [74]
F (n)xs (kJ) = i ln
U
(n)
x (kJ)U
(n)
s (kJ+xˆ)
U
(n)
x (kJ+sˆ)U
(n)
s (kJ)
, (11)
where F (n)xs (kJ) corresponds to a discrete version of the
Berry curvature on the finite lattice. The Chern numbers
Cxs can be extracted as
Cxs =
1
4pi2
∑
n6N
∑
J
F (n)xs (kJ). (12)
7With the above equation, we can numerically calculate
the Chern numbers Cxs for the three-dimensional quan-
tum Hall effect in the absence of the band crossing.
We first consider the cases that all the q˜ bands are to-
tally non-overlapping with Ng = q˜ − 1 gaps, as shown
in Figs. 3(a,b) and Fig. 4. In these cases, the U(1)
filed strength F (n)xs is well-defined in the whole three-
dimensional momentum space as there is no degener-
acy of the Bloch wave functions |un(k)〉, which are nu-
merically obtained by solving the eigenvalue equation
(8). In our numerical results, we find that c
(n)
xs are
independent of the momentum ks′ in these cases and
thus one has a simpler expression of the Chern num-
bers Cxs =
∑
n6N c
(n)
xs (0). In Fig. 4, the corresponding
Chern numbers Cxy and Cxz when the Fermi level lies in
each band gap are plotted. In Figs. 4(a) and 4(b), one
can find that there is always one nonzero number Cxy
or Cxz for each of the Ng = 4 gaps. More interestingly,
as shown in Figs. 4(c) and 4(d), the three-dimensional
Hall system can have two nonzero Chern numbers, such
as Cxy = Cxz = −1 and Cxy = Cxz = 1 when the Fermi
level lies in the third and fourth gaps, respectively.
In the presence of band crossing or touching, such as
the cases shown in Fig. 3(c) and 3(d), the U(1) Berry cur-
vature is no longer well-defined in the whole momentum
space due to certain degeneracies of the Bloch wave func-
tion along the kx direction. To overcome this problem
in the numerical calculation of the Berry curvature, we
introduce a generalized periodic (twisted) boundary con-
dition [75] to Hamiltonian (6) with the wave function of
the n-th occupied Bloch state: |un(m+ Lx, α, ky, kz)〉 =
eiα|un(m,α, ky, kz)〉 (here 1 6 m 6 Lx), where Lx de-
notes the lattice length in the x axis and α ∈ [−pi, pi]
is the twist angle. Under this boundary condition, the
Chern number c
(n)
xs (ks′) in Eq. (9) becomes [75]
c(n)xs (ks′) =
1
2pi
∫ pi
−pi
dα
∫ pi
−pi
dksF
(n)
xs (k˜), (13)
where k˜ ≡ (α, ky, kz) is the generalized momentum space.
By replacing kx with α [i.e., kJ → k˜J = (α, ky, kz)],
we numerically diagonalize the tight-binding Hamilto-
nian (6) under the twisted boundary condition and obtain
the energies En(k˜) and the corresponding eigenfunctions
|un(k˜)〉. The results show that the energies En(k˜) for dif-
ferent n are no longer overlapped in k˜ space. Therefore,
the same procedure of numerically calculating the Chern
numbers Cxs based on the U(1)-link method can be im-
plemented by replacing kx with α. As shown in Figs. 3(c)
and 3(d), the three Chern numbers C = (Cxy, Cxz, Cyz)
when the Fermi level lies in each energy gap are plot-
ted. The results again demonstrate that the quantum
Hall effect in this three-dimensional Hofstadter system is
topologically characterized by one or two nonzero Chern
numbers. We note that the Chern numbers of the Bloch
bands without overlapping in the previous cases can also
be numerically obtained in this way under the twisted
boundary condition, which has been confirmed in our
numerical simulations.
In the artificially generated Hofstadter bands in two-
dimensional optical lattices [51–53], the Chern number
has been experimentally extracted from the center-of-
mass drift of an ultracold atomic cloud [53]. This method
can be directly used in the three-dimensional Hofstadter
system to detect the Chern numbers Cxs. One can apply
a constant force created by an optical gradient along the
s direction, the atomic cloud on the lattice will undergo
Bloch oscillations along this direction. When the filled
bands have non-zero Berry curvature F
(n)
xs , the atomic
cloud will experience a net drift along the x axis in re-
sponse to the force and one can measure its center-of-
mass evolution to extract the Chern numbers Cxs with
high accuracy [53], which is analogous to the quantum-
Hall-response measurement. The displacement of the
atomic cloud along x (−x) direction gives the correspond-
ing positive (negative) Chern value. Thus in experiments,
for the cases of two nonzero Chern numbers, one can ob-
serve two significant displacements of the atomic cloud
when varying the direction of the applied force from y
axis to z axis, in contract to a single displacement for the
cases of one nonzero Chern number. The applied force
can be chosen to be strong enough to accurately detect
the displacement, but weak enough to limit the Landau-
Zener transitions to higher bands. An alternative method
to determine the Chern numbers would be directly mea-
suring the Berry curvature by the newly-developed tech-
nique of tomography of Bloch bands in optical lattices,
as proposed and demonstrated in Refs. [54–57].
We further consider the energy gap Eg of the topolog-
ical nontrivial bands in this system, which is defined by
the energy difference between the top of the filled bands
and the bottom of the empty bands. In our numerical
results, we find that the gaps for filled topological bands
with one nonzero Chern number can be large as Eg ≈ 1
(Jx = 1 as the energy unit), such as the filled bands with
Cxz = ±1 in Fig. 3 (c). Even for the other bands shown
in Fig. 3, the corresponding gaps can be up to the hop-
ping strengths Ty,z. For the filled bands with two nonzero
Chern numbers shown as the dashed lines in Figs. 3 (b)
[also in Fig. 4] and 3 (d), the gaps are numerically ob-
tained as Eg ≈ 0.18 and Eg ≈ 0.3, respectively. So they
are also comparable to Ty,z = 0.4 or 0.5, which would be
large enough for the measurement of their Chern num-
bers in realistic experiments [53, 56, 57]. When the Fermi
level lies in the butterfly-like gaps shown in Fig. 5(c),
there also are one or two nonzero Chern numbers but
the gaps there are small due to the small hopping pa-
rameters Ty = Tz = 0.1. For instance, when the Fermi
energy is EF = −0.19 and Θ = arctan(3/4) ≈ 0.2pi, the
gap for the filled band is Eg ≈ 0.18, which is one of
the primary gaps in the spectrum shown in Fig. 5(c).
We numerically calculate the Chern numbers and obtain
C = (−1, 0, 0) in this case with the fluxes Φ1 = 3/25
and Φ2 = 4/25. When the Fermi energy EF = −0.19
and Θ = arctan(5/12) ≈ 0.126pi, the gap for the filled
8band in Fig. 5(c) is Eg ≈ 0.05, and the obtained Chern
numbers are C = (1,−1, 0) with the corresponding fluxes
Φ1 = 5/65 and Φ2 = 12/65 in this case.
Finally we consider the topological transition between
the bands of different Chern numbers C. Without loss of
generality, we consider the three-dimensional Hofstader
system with parameters and bands shown in Figs. 4(c)
and 4(d) and the Fermi energy EF initially lies in the 3rd
gap with two nonzero Chern numbers C = (−1,−1, 0).
In experiments, one can observe two significant displace-
ments of the atomic cloud along the −x direction as a
Hall response to the applied force from y to z axis. When
increasing EF to lie inside the 4th gap, the topologi-
cal transition results with the Chern numbers become
C = (1, 1, 0), such that both the two atomic Hall drifts
change direction (along the x direction). Increasing EF
up to be inside the 5th and 6th gaps, two topological
transitions happen sequently with the Chern numbers
becoming C = (0, 1, 0) and C = (1, 0, 0), respectively,
in which cases one of the two drifts disappears. When
all the bands are filled with C = (0, 0, 0), there will be
vanishing displacement as response to the force of varying
directions. For the Fermi energy in the bands, the system
is in the conducting phase and the Chern numbers are ill-
defined. One can also turn the parameters of the effective
magnetic fluxes for fixed EF to induce the topological
transition. For instance, one can vary the parameter Θ
in Fig. 5(c) from pi/8 to 3pi/8 with fixed EF = −0.19. In
this case, there are four sequent topological transitions
with varying C = (1,−1, 0) → (−1, 0, 0) → (0,−1, 0) →
(−1, 1, 0) for the four primary gaps, which can similarly
be revealed from different atomic displacements in the
Hall-response measurements.
V. CONCLUSION
In summary, we have proposed an experimental scheme
to realize a tunable generalized three-dimensional Hofs-
tadter Hamiltonian with ultracold atoms in a cubic op-
tical lattice, which describes a lattice system under ef-
fective magnetic fluxes in three dimensions. We have
shown that the Weyl points and nodal loops can respec-
tively emerge in the bulk bands of this system for certain
hopping configurations. Moreover, we have illustrated
that with proper rational fluxes and hopping parame-
ters, the system can exhibit the three-dimensional quan-
tum Hall effect when the Fermi level lies in the band
gaps, which is topologically characterized by one or two
nonzero Chern numbers. Our proposed optical-lattice
system provides a powerful platform for exploring exotic
topological semimetals and insulators in three dimensions
that are rare in solid-state materials.
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